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,Transient Motion of a Hypersonic Wedge, Includihg
| ‘Time History Effects

W.H. Hui* and H.J. Van Roessel}
University of Waterloo, Waterloo, Canada

The transient pitching motion of a wedge in hypersonic flow is studied by analytically solving the coupled
dynamic / aerodynamic system. For small-amplitude motions, a perturbation method is used to derive a single
functional / partial differential equation. It is found from the solution that the effects of past motion history of the
body on the present state of its motion in hypersonic flow are entirely due to the wave reflection from the bow
shock. These effects are shown to be important, causing a significant phase shift. In the limiting case of Newtonian
fiow, the perturbation theory is carried to the second order in amplitude, showing that the indicial response is a
functional (rather than a function), depending on the whole past motion history.

L Introduction

HE motion of an aircraft, treated here as a rigid body for

simplicity, depends on the aerodynamic forces acting on
it that, in turn, depend onthe whole past history of the
aircraft’s motion. This coupling between the aircraft motion
(described by the dynamic equations) and the airflow passing
it (described by the Euler or Navier-Stokes equations) must be
taken into account in order to correctly determine the
maneuvering and dynamic stability of the aircraft.

In the past decades, Tobak has repeatedly pointed out the
importance of studying the time history effects and he and his
colleagues (see, €.g., Tobak and Schiff’'?) have made im-
portant advances in this area of research. The point was
further emphasized in the recent lectures by Chapman and
Tobak® and Hancock.* Tobak especially designed a mathe-
matical model to approximate these effects of past history at
various levels and his model has been verified to the second
level (ie., up to the immediate past) by Chyu and Schiff®
using large-scale numerical computations.

At subsonic and low-supersonic speed, a general theory of
unsteady lift accounting for the time-history effects was given
by Lomax et al.® based on linear potential flow theory. They
used an indicial-function representation of the aerodynamic
response to incorporate the time-history effects. In doing so,
they assumed the unsteady flow to be a small perturbation of
some steady flow and linearized the equations. For low-super-
sonic speed, they also assumed the shock waves to be weak
and replaced them with Mach waves. Their theory, based on
the potential flow approach, cannot be easily extended to
hypersonic flow where the shock waves are strong and can no
longer be replaced by Mach waves.

The purpose of this paper is to study the time-history effects
in hypersonic flow by considering the transient motion of a
wedge. The shock wave behavior will be treated properly and
special attention will be given to the wave reflection from the

bow shock. Like Lomax et al., we consider the unsteady flow-

as a small perturbation to some steady flow and linearize the
equations accordingly. Nonlinear effects will be considered for
the limiting case of Newtonian flow only. The present study is
restricted to that of a wedge, but otherwise constitutes a
complementary study to Ref. 6 in that Ref. 6 treated time-his-
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tory effects in lbw-supersonic and subsonic flow, whereas the
present paper treats these effects in hypersonic flow.

II. Mathematical Formulation

Consider a wedge of semivertex angle o placed symmetri-
cally in a uniform supersonic/hypersonic stream M_ . At time
t =0, a disturbance is started and it is required to determine
the subsequent pitching motion #(¢) of the wedge, due to the
resulting unsteady aerodynamic forces, about a pivot axis
located at a distance h from its apex along the centerline (Fig.
1). To fix the idea, we study only the case where the subse-
quent motion is a pitching motion in rectilinear flight. This
corresponds to the wind tunnel experiment in which a uniform

. flow passes a model wedge that is allowed to perform pitching

motion about the pivot axis.
The dynamic equation governing the motion of the rigid
body is

idift(z’) —M(1), >0 (1a)
6(0) =4, (1b)
0(0) =3, (19

where 0(¢) denotes the angular displacement of the motion
from its steady flight position, I the moment of inertia of the
body about the pivot axis, and M(¢) the pitching moment
(about the same axis) of the unsteady aerodynamic forces at
time ¢. The latter are to be determined from the well-known
equations of motion of an inviscid, perfect gas.

The pitching moment M(¢) in Eq. (1a) is related to the
surface pressure by

ZORN/)

(x-x) Xpromds  (2)
|VB|
B(x,1)=0
where B(x, t) =0 denotes the body surface equation and x,
the position vector of the pivot axis in the plane z=0. The
coupling of the wedge motion 8(¢) with unsteady pressure p
through the boundary condition [Eq. (4)] and the pitching
moment [Eq. (2)] implies that M(¢) depends not only on the
present state of the motion 8(¢) and (), but must depend on
the whole past history of motion 6(£) (0 s ¢ < ¢). This means®
that the pitching moment M is a functional of 6, i.e., M(¢) =
M[0(&)]. To correctly determine the aircraft motion at any
time ¢>0, it is therefore necessary to solve the coupled
dynamic/aerodynamic system.
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Fig. 1 Pitching wedge showing notation.

In this paper all of therlengths are scaled by the length of ‘

the wedge 7, density by the freestream density p,, Veloc1ty
components by the speed of freestream U, , pressure by p, U2,
and the time variable by #/u,, where u, is given below.

Prior to time ¢ = 0, the flow over the wedge is the well-known
steady flow past a wedge. Let the Cartesian system of coordi-
nates xOy be placed with the origin 0 at the apex and Ox
along the wedge surface. Denote by u,, a,, pg, and p,, the
flow speed, speed of sound, and pressure and density of the
steady flow, respectively. Let the shock wave in the steady
flow be y = x tan ¢. These steady flow quantities are given in
Appendix A.

After the motion is started, the equation of the surface is
given by (see Fig. 1)

B(x,y,t)=(x—hcoso)tand(t) —y
1—cosb(t) 0
cosf(t) (3)

+ hsino

The boundary condition at the body surface [Eq. (3)] then
becomes

163)
cos?6(t)

utanf(¢) —v+ [ x — heoso + hsinosind ()] =

at B(x,y,t)=0 (4)
where u and v are the x and y components of velocity,

respectively.
Let the equation of the shock wave be

y—8(x,1)=0 (5)
then the Rankine-Hugoniot shock jump conditions become

(1 +——1$2) 2 S.(v,—S,)

_ 2 S, +1 y+1
(y+1)M2 Q 1+ 82
(6)
~ 2 0 1
Pl TR | T 52 M;Q]
at y=S(x,t) (7)
20? y—1
- - 8
PG D0+ v+ M2 (8)

- 0’
[(v-1)/(y+1)]Q*+ {2/[(v+1)M;]}(1+S3)( )
. 9

P

J. GUIDANCE

where
Q=St+uocsx_voo (10)

The position (x,, y,) of the apex of the wedge at time ¢ is
given by

x4 =h{cose ~cos[a — 6()]} (11a)
¥4 = —h{sine —sin[ 6 — 0(1)]} (11v)

Hence the condition that the bow shock always attaches to the
wedge apex requires

S(x,t)=—h{sino —sin[o — 0(7)]}
‘at  x=h{cose—cos[o—0(1)]} (12)

To sum up, the mathematical problem of determining the
transient motion of a wedge is that of solving the coupled
system of Egs. (1) and (2) and the equations of motion of an
inviscid, perfect gas subject to the boundary conditions (4),
(6-9), and (12). We shall assume the unsteady flow to be a
small departure from some steady flow and use a perturbation
method.

III. Perturbation Theory for Small Amplitude

Perturbation Equation

Let € be a measure of the amplitude of the pitching motion
of the body. We denote the angular displacement by €f(¢) and
expand the flow variables as power series in ¢, ie.,

u=uo(1+eu +eu,) +0(e) (13a)
v=uy(€v; +€%,) + 0(&) (13b)
p=po(1+ep, +2p,) +0(%) (13¢)
p=po(1+ep, +€%;) +0(e) (13d)

and, for the shock wave,
S(x,t) =xtang + eF(x,1) + €2G(x, 1) + O(e®) (13¢)
Substituting Eq. (13) into the equations of motion of an
inviscid, perfect gas and boundary conditions (4-10) and (12)
and equating like terms in €, we get the following first-order

problem for the determination of u), vy, p1, p1, and F:

90  9py 6u1 v,

ot Tax T ax Ty dy =0 (142) ..
aul aul 1 apl

Yot M2 ax (14b)
dv,  du, 1 dp,
—a—t—+—a—x—+yMg_8—)7_0 (14C)

d a
—a_;(Pl_Ypl)"'_[E(Pl—'YPl):O (14d)

b =6(1)+(x-m)B(1), aty=0 (19

=4, 344,58 (16a)
=B, %’: + By~ 35 at y = xtan¢ (16b)
-9 (160
=D, %f +,9F (16d)
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F(0,1) = —hy0(1) (17)

where h; =hcose, hy=hcosf/cos¢, and B=0+¢. The
coefficients 4,,..., D, in Eq. (16) are dependent on the steady
flow and are given in Appendix B. They are valid for general
wedge without using the hypersonic small-disturbance theory.

From Egs. (14), a single wave equation for p, is obtained

(1_ 1 )821)1 , i P

+ 1 apl
9x2 dxdt = g2

M232

=0 (18)

The First-Order Solution

To obtain analytic solutions, we further restrict ourselves to
hypersonic flow past slender wedges. With 6 <« 1, My'! = 0(0)
and when @(o?) terms are neglected compared with unity, Eq.
(18) reduces to

d d\?
(5?%) Py

The general solution to Eq. (19) is

1 3171

M2 a a2 =0 (19)

Pi=YM[F(x~ Moy, x—1) — F(x+ My, x—1)] (20)
with the corresponding solution for v; from Eq. (14¢)
by =Fi(x— Moy, x~1) + F(x+ My, x—1) (21)

Substituting Egs. (20) and (21) into the boundary condi-
tions [Eqgs. (16a) and (16b)] at shock and solving for F; and

F,, we get
(Bz YMo)aFE?)JCc = (22)
/ (32 YMo)aFE;)Cc t)] (23)
where
. H= Mtang : (24)

Finally, substituting Egs. (21-23) into the body surface
boundary condition [Eq. (15)], we obtain the following func-
tional partial differential equation for the determination of

F(§,n)

AF(&,t+ Hx) OF(§,t+ Hx
Tg (1+ )—(._—)E=x
dF(&,t— mHx dF(§,1— mHx
A ( 0¢ ) $=mx_(>\— y)__(-—_%——l §=mx
~2[0() + {1 - F)x- ) 0()] @)
where
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Equation (25) is the generalization of the functional dif-
ferential equation derived by Hui [Ref. 7, Eq. (5)] in studying
the interaction of Mach waves with strong shock in unsteady
flow. The constants m, a, A, p, v are the same as in Ref. 7. It
can be shown as in Ref. 7 that X is the reflection coefficient of
a pressure wave equal to the ratio of the amplitude of the
pressure disturbance reflected from the bow shock to that
incident on the bow shock.

With the hypersomc small-disturbance approx1mat10n, Egs.
(26) simplifies to’

=[2+(y—1)K2 } 21+ (1+2m)K?)
27K2—(Y—1) ’ (v+DK? (263)
_(QH-1)K*- o

S pkis P70

where K= M_f is the hypersonic similarity paraxheter based
on shock angle 8. Consequently, Eq. (25) reduces to

dF(§,m) , IF(£,m)
d¢ dn
[ 2F(mg,n— g+ mg)  OF(me,n— g+ mé)
0¢ dn

=2 (6(n—HE) + [~ B)E-hlb(n-HD)}  (27)
The shock attachment cqndition [Eq. (17)] also simplifies to
F(0,1)=—ho(t) (28)
The sélution to Eq. (27) that satisfies Eq. (28) is

F(g,n)=;,—2,;0[(b0£—h)0(n—Hs)

2y - ) on-9)
+§(%) b,E—h)6(n—E+b,¢) 29)
where
b,=(1-H)m", n=0,1,2,... (30)

.With the first-order shock shape function F(x,?) com-
pletely determined by the angular displacement 6(¢) through
Eq. (29), the first-order flow quantities p; and v, can be
obtained from Egs. (20) and (21), u; and p, may also be
obtained easily by solving Eq. (14b) to satisfy Eq. (16¢) and
solving Eq. (14d) to satisfy Eq. (16d), respectively. The first-
order unsteady. pitching moment M(¢) of the wedge at time ¢
about the pivot axis is twice the contribution from the upper
surface and is given by

M

~ 1
W=M(t)=—2<pofo(x—h)p1 dx (31)

Now, use the solution of Eq. (29) for F(x,t) to get F; and
F, from Egs. (22) and (23), then p; from Eq. (20), and finally
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M(¢) from Eq. (31). Thus,

;%%ﬁ =(1-2h)6(r) —%(1 —3h+302)8(1)
—4 é i‘—:[hzl’(t) ~(A=r)(1-h=1,)8(t—1,)]

+8h Y %j:"ﬂ(t—'r)d'r

n=1 *n

% (9 _ % ) '
-4y (-—g")—ft"'rﬂ(t—'r) dr (32a)
n=1 %z 0

where
t,=1-m" (32b)

The system governing the transient pitching motion 6(?) is
thus given by

a0 '
I =M(1) (33a)
6(0) =4, (33b)
00y =9, (33¢)

where

As seen from the derivations given above, the system of Egs.
(33), subject to linear approximation, fully incorporates the
past motion history and the interaction between the body
motion and the aerodynamic forces in determining the motion
state of the body at the present time. We note that, due to the
presence of the integral terms in Eq. (32a) for M(¢), to
determine a solution of Eq. (33a) we need, in addition to the
initial data [Egs. (33b) (33c)], to specify the past motion
history f(1), i.e,

8(1) =£(1)

Physical Mechanism Causing Time History Effects

We now discuss the pitching moment M(¢) at time ¢. As
seen from Eqs. (32), it contains three different types of terms.
Thus, the first two terms on the right-hand side (RHS) depend
only on the instantaneous state of the motion 8(¢) and (r) at
time 7. The third term on the RHS depends not only on the
value of @ at the instantaneous time ¢, but also on its values at
discrete previous times t, t,,1;,...; this term arises because
of wave reflection from the bow shock and was already
obtainable’? by assuming the motion of the wedge to be
harmonic. Finally, the last two terms on the RHS involving
integrals are new results, representing additional time history

(-1<1t<0) (33e¢)

effects depending on the whole past motion history. They are-

also due to wave reflection at the bow shock.
If the effects of reflected waves are neglected, i.e., A = 0, Eq.
(32a) reduces to

M(1) = —2pyueao[(3-h)8(1) ‘+ (3-h+82)0(0)] (34)

It is known’ that the coefficients (4 — #) and (3 — h + h?) are
indeed the stiffness and damping-in-pitch derivatives of the
oscillating wedge when wave reflection is ignored. The effects
of wave reflection are justifiably neglected in Ref. 6 as they are
generally insignificant for the weak shock waves encountered
at low supersonic Mach number. However, they become im-
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portant in hypersonic flow when the shock is strong and can
no longer be neglected.”®

Equation (32a) clearly shows in the hypersonic flow case
that the effects of past motion history of the wedge on its
pitching moment at present time are entirely due to the wave
reflection from the bow shock. Since time is measured by
¢/ U, , one unit of time is that required by a fluid particle to
travel from the apex to the end of the wedge. Hence, 7, =1 —
m" represents the time required for a particle to travel from
the point P,, whose coordinate is x = m”, to the point P at
the end of the wedge x = 1. It is clear from Fig,. 2 that a signal
originating at P, will be reflected n times at the bow shock
before it reaches P, Upon each such reflection, the signal is
weakened by a factor A. The term N'8(¢ — 1,) and the integral
term X'[»6(t—7)dr in Eq. (32a) evidently represent the
contribution to the pitching moment M(¢) of the wedge
motion during the interval from past time (¢ —1¢,) to the
present time 2.

As noted in the introduction, the work of Lomax et al.’ on
unsteady lift using potential theory includes time history effects.
in low-supersonic flow, while the present study aims at the
same effects in hypersonic flow. The physical mechanisms
causing time history effects appear quite different in the hyper-
sonic flow case than in the low-supersonic flow case. Due to
the inherent hypersonic assumption, it is not possible to
compare directly the present result [Eq. (32a)] with Ref. 6 for
low M, flow. However, it is worth pointing out that accord-
ing to Ref. 6 the history effects tend to vanish as M, increases,
while the present study shows that the wave reflection mecha-
nism required to move the shock wave to a new position after
a step change in @ extends the influence of the transient
moment by a significant amount and the history effects do not
vanish with increasing M.

The Transient Motion

The solution to Eq. (33), obtained by the method of Laplace
transform, is

1 r+ioo

() =5 . T(s)e" ds (35a)

where the Laplace transform T'(s) of 8(¢) is

2k +5)8,+ 8, + A(s)

T(s) = 35b
() s2+2xs+ (1 =2h)/N — B(s) (33b)
with
N=1I/(pyugao), k= (3—h+h*)/N
‘shock wave
X
& - ’—6 --------------
—EE:-»!
M

T+ ° H = Motan¢

Fig. 2 Wave reflection.
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4 & N 2 s tion or are given by Refs. 7 and & with wave reflection.

A(s) =5 )» PP {[Yns —(a,—B,t,)s+ B, ] e " F,(s) Neither case fully includes the time history effects.
n=tn In obtaining the solution of Eq. (33), we use the solution of
+(a,s—B,)Ci, + BnCZHS} . Eq. (38) for —1<r<0as f(2) in Eq. (33¢). In other words,
the two motions are identical up to ¢ =0, but after =10 the
4 2 N 5 s traditional solution of Eq. (38) does not fully include time
B(s) = w > m { [ Y87 — (@, — B,t,)s + Bn] e history effects, whereas Eq. (34) does. An example showing the
n=1"n time history effects is given in Fig. 3. It is seen from the figure
— Rt as—RB } that the wave reflection is very important: it causes a signifi-

o, =2h/t,, B,=(L+m")/t, v,= (L= h)(m" —h)
0 0
C, = dr, G, = d
w= [ (1)1 = [ af()dr

E(s)=[ f(r)erdr

For the special case where the density of the wedge is a
constant p,,, we get from Eq. (33d)

I=(2p,/p,)sinacoso(3—h+h*+tan’s)  (36)
Under the hypersonic small disturbance approximation,
potoag = B/ H; hence

1 +h2) (372)

K= -2 (37b)

Traditionally, the motion of an airfoil is determined from
the inertial equation

2i—%§§=(—cm,)0(t)+(—Cm9)0(t) (382)
6(0) =8, (38b)
0(0) =4, (38¢)

where the stiffness derivative (— C,,,) and the damping-in-pitch
derivative (— C,,,) are given by Eq. (34) without wave refiec-

8.00 —|

6.00

4.00 b

Fig. 3 Transient motion of a slender wedge. .00 -

a(t)

cant phase shift.

IV. Finite Amplitude Motion in Newtonian Flow

Second-Order Solution

The perturbation scheme of Sec. III can, in principle, be
carried to second and higher orders to determine the effects of
finite amplitude on the transient motion. To avoid com-
plicated algebra, we shall limit ourselves to the Newtonian
flow case, but place no restriction on the thickness ¢ of the
wedge. This is done by taking the limit M, — o0 and y—> 1
of the gasdynamic theory in Sec. IIL ‘ '

For a wedge of semivertex angle o placed at an angle of
attack a <o (Fig. 1) in a Newtonian flow, the body surface
pressure is given in the form

p(5.1) =po(1+epy+2p,) + 0() (39)
where? Po = si? (402)
popi(£,1) = jsin29[0(r) + (26— ) (1)
+38(§—hy)8(1)] (40b)
popa (&, 1) =02(t)cos2y +0(t)0(1)(4¢ + 2hym;)
+0(2)8(1) (&~ hy)(myE— hymy)
+6%( t)cosz;[z[(é — )+ £h1tanotamp]
+[20() + (£~ m)B(2)][ £tan®y + hym, |
X cos*yf(t — £secd) \
— [28(¢)si’ycosy + B(1)(1 + cosy)
x cos™p(£— )] - [*Y8(1—7) dr (40¢)

0

complete solution (Eq. 34)
e Ref. 7 & 8

——— Without wave reflection

I OANA

-2.00 —

-4.00

-6.00 ~

WYY

y=1.4

pu/P, = 200

T T T T T T T T 1
4.00 6.00 8.00 10. 00 . 12.00 14.00 16.00 18.00 20.00
x107)

/e
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where

i

my = cosy(sinosiny — 2cosocosy) /cose //

m, =2+ cosy
m, = cosycos( 6 + ) /coso
m,=1— tanotany (40d)

In Eq. (39), £ is the coordinate along the instantaneous body
surface from its apex, and

CY=0+ja (41)

with j = —1 denoting the upper surface, while j =1 the lower
surface. It is noted that, apart from a difference in notation,
Eq. (40b) includes as a special case the result of Eq. (37) of
Ref. 10 when the motion is assumed harmonic.

We observe from Eq. (40b) that at zero angle of attack
a =0 and P llupper surface = ~P1llower surfaces both contributing
equal amounts to the pitching moment M. On the other hand,
from Eq. (400) we get p 2|up er surface = P2 |lower surface s lmplylng
that the second-order pitc!liing moment vanishes at a=0.
Such a second-order pitching moment is, however, not zero if
a # 0, as is easily seen from Eq. (40c).

The pitching moment from the upper and lower surface is
given by

~1 S€Co
M()= X [ - (6= m)p(§0)dé

=eM (1) + M, (1) + 0(€3) (42)

where from Eq. (40b)

M) = M0 == T [ (- h)mna(80) e

= —4tan00052a(%— hz)”(’)

2tano 4 2
-—C—OS—E—COS(X(g'—:;hz"'zhz)o(t)
tan(o+a) +tan(o—a) (1 2 [PV
B cos’c (E—§h2+7h2)0(t)
(43a)
1.00 7 —_— Complete solution

H

i
0.75 =
0.50 ~

0.25 -

e(t)

J. GUIDANCE
with h, = hcos?o. Similarly, from Eq. (40c) we get

1 S€Co
M, (1) =M[0(1)] = - lefo (§— ) popa(§,1)déE

==

i j{ Gz(t)cos2¢(l 3 hz)

o cosZo 2
8(1)0(i) [ 4
+—m——[§+(ml—2)h2—2m1h§]
+m~ T——?;(2m2+m3)h2

92 (t)cos™y

2
+(m2+2m3)h2—m3h%] + 7
, costs

71 1 1 »
><[Z—§(2+m4)h2+7(2+m4)h%—h%]
+cos2¢]()se°°{g3é(t)tan2¢+g2[9'(t)h1m4—2é(t)hltan2¢

+20(2)tan’y] + £] - 20(¢) himy +20(t) hym,
= 20(1) ytarty] + [#(c) by —20(5)] K3m, )
X0(t— gsecy) d¢

B j(,)seca[ 9( t)(g _ hl)l(l + COSII/)COSZ‘I/

+20(1)(£- hl)sinz‘,bcosqz] _/:SCCO(t— ) dfrdé} (43b)

Substitution of Egs. (42) and (43) into Eqgs. (33a) yields

2(f+ I)8(t) + D8(1) + S8(t) =2eM,[0(1)] (44)

where
4tano 4
D=——— cosa(g‘— 3h2+2h§) (452)
S = 4dtanocos2a(l — 24,) (45b)

Without time history effects

-0.25 —

-0.50

«0.75 o

-1.00

o = 15°
h=10.3
pw/ow = 100

- Fig. 4 Transient motion of a wedge in Newtonian flow.

tUollL

T T T T T T T
0.0 2.00 4.00 6.00 8.00 10.00 12.00 u.loo . 16,00

T 1
16. 00 20.00
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D and S are the damping-in-pitch derivative and the stiffness
derivative, respectively. Equations (45) include the results of
Egs. (61) and (62) in Ref. 12 as special case when the angle of
attack a = 0. The added moment of inertia I, in Eq. (44) is

a

_tan(o+a)+tan(o—a) (1 2 1
- (4‘3 2

) 2, +—hg) (46)

which is always positive.

When the second-order terms (in amplitude €) are neglected,
the RHS of Eq. (44) vanishes. We thus see that to the first
order in the Newtonian flow, the time history effects are
equivalent to adding a moment of inertia I,. This has the
effect of reducing the rate of damping of oscillation from
D/21 to D/2(I+ 1,), making the oscillatory motion more
persistent. It also modifies the frequency of oscillation slightly.
The effects of time history depend clearly on the ratio I,/I.
Using Eqgs. (36) and (46) at a = 0, this ratio is

d_Po 1 -——hcos o +1h%cos’o
= > (47)
I p, cosa( —h+h)coscr+smo

An example of the time history effects is given in Fig. 4.

Indicial Response

Since the unsteady pressure and pitching moment at time ¢
are obtained fully and explicitly as functionals of the motion
history, e.g.,

M(t)=M[ (0)]

in Eq. (32) or (39), we may use them to study the properties of
the corresponding indicial responses. From the structure of
Egs. (32) and (40), it is easily shown that for small-amplitude
motions the indicial response of the pitching moment at time ¢
will be a function (rather than a functional) of 8(z). This
corresponds to the second-level approximation in Refs. 2 and
13. However, for large-amplitude motions, due to the nonlin-
ear terms in Eq. (40c), the indicial response at time ¢ will be a
functional, not a function, of 6(r). These conclusions are in
agreement with Ref. 13 and are expected to hold true for finite
Mach number cases as well.

Conclusions

An analytic method is developed for calculating the tran-
sient pitching motion of a wedge in hypersonic flow, taking
into account fully the interaction between its motion and the
unsteady airflow passing it. The effects of past motion history
on the present state of motion are shown to arise due to the
wave reflection from the bow shock. They are shown to be
important, causing significant phase shift.

In the Newtonian limit the results are greatly simplified. In
particular, to the first order in amplitude the time history
effects are equivalent to an added moment of inertia. Finally,
finite amplitude of motion causes the indicial response itself to
become a functional rather than just a function as in the
small-amplitude linear theory.

Appendix A: Steady Flow over a Wedge
Given the freestream Mach number M, > 1, the ratio of
specific heats of the gas y, and the semiwedge angle o, the
steady uniform flow over the wedge is given below. The shock
angle B is the middle root of the cubic equation for tanf

_ (1 +l;—1M§,)tan33 ~ (M2 - 1)cototan®B

y+1

(1+ 5 M;)tanB+coto=0 (A1)

TRANSIENT MOTION OF A HYPERSONIC WEDGE 211

The Mach number M,, pressure p,, density p,, and velocity
u, are then given by

2 [ . y—1 ]
= [yM2sinB - 15~ | (A2
1+ Y—;—lM; si’B
MZsin’p = — (A3)
yMZ2sin’g — 1= 5
+ 1) M2 sir?
s i (A1)
(y—1)MZsin’B+2
uO = aoMO ‘ (AS)
where ‘
o=B-o¢ (A6)
ag = YPo/Po (A7)
Let
s=t—1, 1 _ (A8)

y+1  M2sinde

In the Newtonian limit as M, —» oo and y — 1, we expand as
a power series in & to get

¢=28¢,, =08, y=1+8n (A9)

M2

0

then Egs. (A1-AS5) yield

iy + (v /2)sin’o

1 sinocoso (A10)
1
2 _
M; = o tanc +0(1) (A11)
po = sir‘e + 0(8) (A12)
tano
Po= 8¢, +0(1) (A13)
uy = coso + 0(§) (A14)

Appendix B
The coefficients A4;, 4,,..., D, in Eq. (16) are

A, =2yMZK [1 - Y—;—l W(po— 1)]tan¢cos2¢
A, = cos’p A,
=K[1+ poW ~ yW(py — 1)]Jcosp
K[1 + po( M2 —1)tan’e — yW( 0o — 1)] cos®¢
C, = — Btan¢
C,=(B,— B;)cotp
Dy = MZK[(y+1) = (v~ 1) py]tangcos’

D, = Dcos’$

where

%1

= M}sin’¢

1 "(1/90)
(1-w)

<

>
I



212 W.H. HUI AND H.J. VAN ROESSEL

In the Newtonian limit, from results in Appendix A, we get
W — 8¢, /tanc — 0 ;
poW > 1
po Mg tan’p > 1
A, = A, = 2coto
B, =B,=1
C, =0,
Dy =D, =2cote — v, /¢,

C, = —tane
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